The Grad-Shafranov equation is solved using spectral elements for tokamak 
Introduction
For the static equilibrium, the magnetohydrodynamic (MHD) equations yield nonlinear second order differential equation known as Grad-Shafranov equation [1, 2] . The steady state equilibria defined by the solutions of GradShafranov (GS) [1, 2] equation act as the foundation for evaluating the MHD stability of tokamak plasma. Numerical codes have been developed based on different algorithms to solve nonlinear GS equation for given plasma density, temperature and magnetic field profiles directly from experiment [3, 4] . However, most of these codes have only considered the static tokamak equilibrium where plasma flow such as the toroidal rotation is absent.
Toroidal rotation plays significant roles in many tokamak plasma processes.
For example, plasma flow and flow shear above certain threshold may lead to the formations of H-mode and internal transport barrier (ITB) [5, 6, 7] .
Meanwhile, plasma flow and flow shear can also directly affect plasma stability and transport [8, 9, 10, 11, 12, 13] . In particular, flow shear may have stabilizing effects on neoclassical tearing modes(NTMs) [14, 15] , tearing modes (TMs) [16, 17, 18, 19] and edge localized modes(ELMs) [20, 12, 21, 22] . It is found that sufficient toroidal flow opens up a stability window for resistive wall mode (RWM) [23, 24, 25, 26, 11] . On the other hand, plasma flow and shear can also directly modify plasma equilibrium due to the centrifugal effect.
There is a rich history of analytic solution to the GS equation [27, 28, 29, 30, 31, 32, 33] . For example, the solution of the GS homogeneous equation is given by S. B. Zheng [27] . The inhomogeneous GS equation with linear source function P and F known as Solov ′ ev equilibrium can be solved analytically for any two parameters [27, 28] . The solution to the GS equation with parabolic source functions has been also reported, which allow independent specifications of plasma current density, pressure ratio and one shape moment such as the internal inductance [29, 30] . Besides tokamak, equilibria of other configurations also haved been obtained analytically, such as those of the field-reversed configuration (FRC) [31, 32] .
However, the equilibriums that can be described using analytic solutions of GS equation are limited. GS equation often has to be solved numerically, based on the choice of either the flux along boundary or the source functions.
Fixed-boundary solvers specify the flux value along the boundary of computation domain. Free-boundary solvers self-consistantly calculate the flux value along the boundary of computation, combining the contribution from external magnetic coils and the contribution from internal plasma current. Various numerical methods have been applied to solving the GS equation, for example, finite difference [34] , spectral methods [35] , Greens functions [36] , linear finite elements [37, 38] , and Hermite cubic finite elements [39] . Consequently, many numerical toroidal equilibrium codes have been developed, such as EFIT [4] , CHEASE [3] , ESC [40] , NIMEQ [41] , etc.
In addition, several codes are able to solve for toroidal equilibrium in presence of flow, such as FLOW [8] , CLIO [42] and FINESSE [43] . But these codes are often designed for topologically toroidal domains and do not consider the regularity issues associated with the R −1 singularity, where R is the major radius. This issuse would arise in topologically cylindrical domains, which include the geometric axis R = 0.
Previously, a Grad-Shafranov solver NIMEQ [41] was developed for static toroidal equilibrium within the framework of NIMROD [44] . In this work, we extend the Grad-Shafranov solver NIMEQ [41] and Perrine [45] . The convergence of the extended NIMEQ is tested with hrefinement and p-refinement methods. Furthermore, the extended NIMEQ is benchmarked with FLOW in a convergence study.
The rest of this paper is organized as follows. Section (2) reviews the Grad- [45] . Section (4) presents the numerical algorithm of the extended NIMEQ. Benchmarking and convergence studies are performed with these two equilibria in section (5) . Finally, section (6) gives conclusion and discussion.
Grad-Shafranov equation with toroidal rotation
Tokamak equilibria with toroidal rotation are governed by four equations:
the force balance equation, magnetic divergence constraint, Ampere's law and state equation of ideal gas [46] 
where u = R 2 Ω∇φ denotes the toroidal flow velocity, Ω the frequency of toroidal rotation, P the plasma pressure, J the plasma current density, B the magnetic field and µ 0 the permeability of vacuum. Besides, ρ denotes the mass density, defined as ρ ≡ m i n i + m e n e ≃ m i n, n ≡ n i = n e and T denotes the plasma temperature defined as T ≡ T i + T e , where m i (m e ), n i (n e ) and T i (T e ) are the ion (electron) mass, number density and temperature.
The magnetic field is expressed as B = ∇φ × ∇ψ + F ∇φ and the plasma current is expressed as µ 0 J = µ 0 RJ φ ∇φ+∇F ×∇φ in the cylindrical coordinate system and F (ψ) = RB φ is a flux function [41] . From the curl of Ohm's law, it is observed that the frequency of toroidal rotation is a flux function Ω = Ω(ψ).
Substituting these above expressions for B, J and u into Eq.(1) yields:
where the Grad-Shafranov operator is defined as
For fusion plasma the thermal conduction along magnetic field lines is fast compared to the heat transport perpendicular to a magnetic surface. Thus, plasma temperature can be considered as a flux function, namely T = T (ψ).
From Eq. (5), the pressure is integrated as:
Substituting P (ψ, R) into Eq. (6), we have
where R 0 denotes the position of magnetic axis. P = P 0 (ψ) when Ω = 0. In the limit Ω → 0, the static equilibrium pressure can be recovered as a flux function.
Meanwhile, Eq.(9) will reduce to the static GS equation.
Analytical solutions

Solov'ev equilibrium with toroidal rotation
We obtain a new analytical solution to Eq. (9) for Solov'ev equilibrium in presence of toroidal rotation. In Solov'ev equilibrium, we assume that:
where p 1 and F 0 are constants [47] . Furthermore, the plasma temperature and frequency of toroidal rotation are assumed to be constants T 0 and Ω 0 respec-
The Grad-Shafranov equation Eq. (9) is reduced to
where
denotes the Mach number at R = R 0 .
The solution of Eq. (12) is of the form
ψ p is the particular solution and ψ h is the homogeneous solution [47, 27] .
where these constants c 1 , c 2 , c 3 , c 4 are determined by boundary condition. Then, for a particular solution:
We obtain a new analytical solution of Grad-shafranov equation for the Solov'ev equilibrium with toroidal rotation:
This solution reduces to the solution of static Solov'ev equilibrium when Ω 0 → 0
The above solution in Eq.(16) was a specific case of the Grad-Shafranov equation solutions obtained before in Ref. [27] . A similar solution of Solov'ev equilibrium with rigid toroidal rotation was recently obtained by Chu etal[48] ,
. The two solutions in Eqs. (15) and (17) .
Maschke-Perrin Equilibrium
Another analytic solution of Eq.(6) was previously found based on the following assumptions [45] :
where γ is the ratio of specific heats and R L P 0 , ψ 1 , F 0 , M are constants.
In case of M = 0, the analytical solution takes the form
− 1 is a constant, ǫ a is a constant related to the ellipticity of the plasma cross-section, r a = R 0 /R L denotes the ratio between the position of magnetic axis R 0 and the chosen scale length R L .
Numerical algorithm
NIMEQ solves the Grad-Shafranov equation in weak form using Galerkin formulation [41] . Defining one scalar field Λ = ψ/R 2 , the Grad-Shafranov operator can be transformed into a divergence of a vector, ∆ * ψ = ∇ · R 2 ∇Λ. The scalar field Λ can be spilt into two parts: Λ 0 and Λ h where Λ 0 satisfies the specified inhomogeneous boundary condition for Λ and Λ h satisfies the boundary condition Λ h = 0. The Λ h is expended onto a series of C 0 spectral element basis functions Λ h = i Λ i α i .The weak form of Grad-Shafranov equation is obtained as: 
After iteration, these equilibrium fields are calculated from the converged solution for Λ. The pressure, temperature, toroidal flow velocity u φ and RB φ values are calculated from the prescribed P 0 (ψ), F (ψ), T (ψ), Ω(ψ) using the converged solution Λ(R, Z) through Eq.(8) and u φ = R 2 Ω(ψ)∇φ. The poloidal magnetic field is expressed as Eq. (24) in terms of Λ.
whereê R andê φ represent the unit vectors in the R and φ directions respectively.
The poloidal current is calculated directly from the magnetic field through the relation J p = −F ′ B p /µ 0 . And the toroidal current density is calculated using Eq.(25)
Benchmark and Convergence
The analytic solutions in section 3.1 are plotted in a domain of rectangular poloidal cross section with 4.5 < R < 5.5 and −0.5 < Z < 0.5 ( Fig.2) . In this case, we choose
, Ω = 3.0 × 10 5 , ψ 0 = 0 and ε a = 0. Distortion of flux surfaces due to toroidal rotation is also apparent.
Both benchmark and convergence studies are performed for Solov'ev equilibrium and Maschke and Perrin's equilibrium by comparing the numerical and analytical solutions. The numerical error of equilibrium poloidal flux is defined
, where ψ n is the numerical solution from the extended NIMEQ and ψ a is the analytic solution from Eq. (15) and Eq. (21) .
And the summation is performed over all of the finite-element nodes.
Two methods, i.e. h-refinement and p-refinement, are applied to checking the convergence of the extended NIMEQ in both equilibria. In the p-refinement method, the polynomial degree of each element is increased whereas the number of elements is kept constant. H-refinement maintains the polynomial degree of the elements while increasing the number of elements. The decaying rate of the error for a smooth solution of a second order differential equation is bounded by the asymptotic rate of convergence h (p+1) for sufficiently smooth solutions, where h is a characteristic element length of calculation region and p is the polynomial degree [49] .
We use meshes with equal numbers of elements in the radial and vertical directions. In the p-refinement study, the polynomial degree of elements is scanned from 2 to 15 when keeping the 2 × 2 and 10 × 10 element meshes fixed for both equilibria. In both equilibrium cases, the numerical errors decay linearly to a minimum value, which indicates geometric convergence in Fig.3 and Fig.5 [49] . The numerical error in 10 × 10 element meshes decays faster than that in 2 × 2 element meshes in both equilibria.
In h-refinement study, the number of elements are scanned from 4 to 94 when polynomial degree of elements keeps 2 and 4. In h-refinement studies of both equilibrium cases, the numerical errors decay linearly to a minimum value, indicating algebraic convergence in Fig.4 and Fig.6[49] . The decay rate of numerical erros with polynomial degree fixed 4 is larger than that with polynomial degree (Fig.8 ).
Conclusion and discussion
We have extended NIMEQ by solving the modified Grad-Shafranov equation 
